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INTRODUCTION 


The theory that light consists of a wave motion in a luminiferous 

ether was once generally accepted by physicists. According to this theory 
he ether is supposed to possess the property whereby waves of light may be 

transmitted and all other optical phenomena may be accounted for. It is 
assumed that all space, even that occupied by material bodies, is pervaded 
by this ether, and yet, it permits all bodies to move through it with free 
motion. 

The “ether drift" experiment was originally conceived as an experi- 
mental means of ascertaining the actual validity of this hypothesis, The 
originator of this idea was James Clerk Maxwell in his article on "Ether" 


in the 1878 edition of the Encyclopedia Britanica, In this article he pointed 


out that, on the assumption that there is a stationary ether through which 


he earth is moving freely with an absolute velocity and that light waves are 


’|propagated in this free ether in any direction and always with the same 


elocity relative to the ether; the apparent velocity of light would depend 

pon whether the light is travelling along the direction of the motion of 

he earth or at right angles to it. The former path would be slightly 

lengthened as compared withthe latter, Thus a relative motion between the 

earth and the stationary ether, that is, an "ether drift" should be detectable 
Since the velocity of the earth in its orbit is thirty kilometers 

per second aga the velocity of light is ten thousand times as great, the 


elocity measured in the line of motion would differ from the velocity at 
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right angles to this line by thirty kilometers per second, that is, by one 
pert in ten thousand, This would be a "first order effect", However, since 


all experimental methods of determining this effect require that the light 


shall travel from one point to another and back again, a positive effect of 


the earth's motion on the ray in the outgoing path would be nuilified by the 


opposite effect on the returning ray, except for a "second order effect" due 


+o the motion of the observer during the time of passage of the light. Con- 
cerning this effect, Maxwell concluded that "The change in the time of trans- 


mission of the light on account of a relative velocity of the ether equal to 


hat of the earth in its orbit would be only one hundred-millionth part of the 


whole time of transmission and would therefore be quite insensible" 


In 1880, while attending the University of Berlin, the late Pro- 


fessor Albert A, Michelson invented the interferometer which bears his name 


and is generally considered as being especially suited for detecting the 


hypothecated ether drift-- if it exist. 


By means of this apparatus, light 
incident upon a half-silvered plane parallel glass plate, is divided into 
wo beams so that each travels along a separate path in a different direction, 


After having traversed their respective paths, each ray is reflected back 


peain to the half-silvered mirror where they are again united and sent out 


in directions determined by the inclinations of the two mirrors, These 


inclinations are such that the final rays are almost parallel, If the two 
paths are optically equal in length, the reunited beams of light will blend 
and there will be no interference, If however, one path is longer than the 


~ 


ther, there will result differences of phase which will give rise to inter- 


ference fringes, As the interferometer is rotated, with reference to the 


earth , first one arm has a relatively longer path and than the other; 
so that the interference fringes 
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which are actually due to the phase relationships between the two wave 
fronts of the final reunited rays will undergo slight shifts. The relation 
is such that an effective change of one wave length in the length of one 
path as compared with the other will result in a movement of the fringes 
equal to one fringe width. 

The first experiment with this apparatus was carried out by A. A, 
Michelson in 1881, Later, Michelson together with Professor Edward W, 
‘Morley of Western Reserve University, as well as pad. oe? other scientists, 
have at various times constructed interferometers and conducted experiments 
for the doseeini of this expected shift of fringes, In the July 1933. 
“issue of the Reviews of Modern Physics Professor Dayton C, Miller presents 
a summary of the results of these investizators together with a very thoroug 
analysis of extensive investigations of his own, The conclusion at which he 
arrived is that there exists a small, actual, periodic fringe shift which 
however is much too small to be accounted for by the hypothesis of a 
stationary ether, 

The Michelson-Morley experiment with its null result suggested 
that either the existing theory of the ether was incorrect or that it was 
at least incomplete, 

In order to account for the absence of any effect of the earth's 
translation, Prof, G. F. FitzGerald in 1891 put forth a theory which was put 
on a firm mathematical basis by H,A, Lorentz in 1895. According to this 
theory, the dimensions of a solid body undergo ace changes of the order 
of (v/c)® when it moves through the ether, The negative result of the 
experiment is thus accounted for by this contraction, 


Following the contraction theory, the next theory introduced to 
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account for the null effect of thd “ether drift" experiment, came in 1905 
with pho facdae Albert Einstein's Special Theory of Relativity according to - 
which a material body suffers a contraction in the direction of its motion, 
Upon the basis of this theory the "ether drift" experiment should have a 
null result. However, because of the definite positive effect obtained by 
the very extensive and thorough work of D, ©, Miller, ,even though this effect 
is much smaller than that originally predicted; an hypothesis which leads to 
a null effect is no more gratifying than the original stationary ether 
hypothesis, Nevertheless, in examining the fixdaas? postulates! of Professor 
Einstein's General Theory of Relativity announced ,in 1915 it will be ob- 
served that they may be modified so as not exclude the possibility of a rela- 
tive velocity of drift. Indeed such triumphs of the General Theory as: the 
prediction of the bending of a ray of light when passing through a strong 
gravitational field, accounting for the advance of the perihelion of mercury 
and predicting that when the source of light is in the atmosphere of a 
massive star the wave PeWcbibs cones slightly greater; are of such signifi- 
cance that they have been widely accepted as confirming the General Theory. 
On the other hand, the Special Theory with its prediction of a null effect 
may not actually be in violation of the experimental results of the ether 
drift experiment since it is a special casé : of the General Theory, The 
investigstion of Michelson and Morley and also the later and more extensive 
work of D, C, Miller were carried out by means of equal arm interferometers 
in which the two beams of light traveled along paths which were at right 


angles to each other, 


1, Eddington, A, S., ‘The Mathematical Theory of Relativity” p. 104,(1930) 
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At a meeting of the American Physical society held at Wellesley 
College in the fall of 1937, W. B. Cartmel presented a paper in which he 
claimed that for a maximum fringe shift the arms should be set at'an 
angle of forty five degrees, With this in view, E, E, Haskins carried out 
os investigation in which the arms were assumed to be ‘set at this forty 
five degree angle. He arrived at the conclusion that the fringe shift was 
even greater than that predicted by Cartmel's formula, In fact he found, 
that in least one respect Cartmel's formula wes in error. 

The foregoing remarks are intended to make clear the necessity of 
peeerias out a careful investigation of the entire problem with the view of 
determining the exact effect to’ be expected. Z 

In this paper an investigation is carried out in which the lengths 
of the paths traversed by the two beams are made unequal. Also, the angle 
between the two arms is assumed to be arbitrary so that the final solution 
will be entirely general and therefore applicable to the conditions given 
in any particular experiment, 

All of the equations involved in the problem will be set up from 
the point of view of an observer fixed in the ether. To make the results 
applicable, the Lorentz transformations will be applied so that the final 


result will come out in terms of the observer moving with the earth, 


The history of the "Ether-Drift" experiment had its inception when 
A, A. Michelson,while yet a student in Germany conducted experiments both in 
Berlin and in Potsdem in the years 1880-1881, These were the first attempts 
made to detect the second-order effect of the relative motion of the earth 


i were unsuccessful, He 


and the ether. The original attempts of Michelson 
observed approximately one-hundredth of the effect for which he was looking. 


This null effect however, was attributable, at least partially, to the fact 


that the light path was only a little more than one meter in length. 


In 1881 Michelson was appointed to the professorship of physics in 
the Case School of Applied Science in Cleveland where he became acquainted 
with Professor Edward W. Morley, professor of chemistry in the neighboring 
Western Reserve University. With new developments in the interferometer and 
in the method of using it, Michelson,together with Morley, again attempted to 
detect the then expected effect. In order to avoid disturbance of vibration 
and distortion, the optical parts of the instrument were mounted on a solid 
block of sandstone which was floated in mercury contained in a circular tank © 
of cast iron, Thus, it became possible to turn the interferometer to differ- 
ent azimuths while observations were in progress. To obtain the required 
sensitivity, the effective light path was increased by reflecting the light 
back and forth so thet it traversed the diagonal of the square stone block 


re ee 


1, Michelson A. A., Am. J. Sci. (3) 88, 120 (1880) 
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eight times, giving the effect of an interferometer with an arm of approxi- 
mately 1100 centimeters in length. The series of observations made by 
Michelson and Morley were of six hours duration and were taken during six 
different intervals of one hour each, The series of observations consisted 


of thirty six turns of the interferometer, sixteen readings being made at 


equidistant points of each turn, This relatively short series of observations 


showed that the effect was neither of the expected magnitude nor of zero 
value, The conclusions of this experiment, published in 1887 stated that the 
observed relative motion of the earth and the ether was not greater than 
one-fourth of the earth's orbital velocity. 

In an address delivered in 1900 at the International Congress of 
Physics held in ©. conjunction with the International Exposition in Paris, 
Lord Kelvin explained the significance of the Michelson-Morley experiments 
as related to the theories of the ether and he expressed the belief that 
further, more refined experimental work in this field was necessary, Ac= 
cordingly E, W, Morley and D. C, Miller, who were present at this conference, 
constructed an interferometer having a light path more than three times as 
long as that used by Michelson and Morley in 1887, Originally, they employed 
a framework of heavy lumber but this was soon abandoned in favor of one made 


of structural steel and floated in a tank of mercury. 


In the years 1900 to 1907" numerous observations were made; first, 


the basement of the Case School of Applied Science, and later, on Euclid 


ere ee a a ee ee 


Michelson A, A, and Morley E, W., Am. J. Sci. (3) 34, 333 (1887). 


Morley E, W. and Miller D. C,, Phil. Mag. (6) 9, 680 (1905), 
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Heights, Cleveland, This latter site is at an altitude of 285 meters, The 
results obteined showed a very definite positive effect slightly larger than 
that previously obtained but still too small to be reconciled with the 
expected effect, At this time Professor Morley retired from active work and 
the work was continued by D, C, Miller in 1921, 

Through the courtesy of the Carnegie Institute the ether-drift 
interferometer was set up on the grounds of the Mount Wilson Observatory in 
March 1921, Later the apparatus was returned to Cleveland where numerous 
observations and improvements were made during the years 1922 and 1923, In 


1924, it was again returned to Mount Wilson where there were employed many 


refinements such as : improved mirror mountings, protection from heat, 


improved light source, large viewing telescope and other refinements which 
were developed in the laboratory tests at Cleveland, 

Over two hundred thousand readings were taken with this instrument, 
This represents the most exheustive study in this field, The analysis of 
the results of this work, together with a rather lengthy review of the whole 
topic in general and his own work in particular,are given by D, ©. Miller in 


1, Miller reaches the conclusion that there 


the Review of Modern Phygics 
does exist a small positive fringe shift equal to about five per cent of the 
expected effect, 

Among other investigators who have studied this problem, we find 
R, J, Kennedy and E, M, Thorndike” who carried out experiments with an inter- 
ferometer of a different design, The arms of their apparatus were made 


1, Miller D, C, Rev. Mod, Phys.,5, 203, (1933). 


2. Kennedy R, J. and Thorndike E, M. Phys. Reve, 42, 400, (1932). 
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unequal in length and were set at such an angle to each other that the light 
reflected from the plate would be plane polarized. This angle they found to 
be sixty-five degrees, However, it does not seem that the investigators 
expected that the effect would be any greater by choosing that angle. The 
length of the light path in their apparatus was relatively short and they 
reported an extremely small effect, if any. In their report, they develop a 
theory based on the Lorentz=FitzGerald contraction, from which they conclude 
that no effect should be expected, regardless of the magnitude of the angle 
between the arms, 

In 19262 and 1927 , A, Piccard and E, Stahel reported results of 
experiments automatically performed and recorded in balloons at an altitude 
of 1900 meters, According to these experiments, there was a positive effect 
in rather close agreement with the results of D, C. Miller. 


Professor Georg Joos® 


» in Jena, working with an interferometer, 
mounted on a quartz base suspended in an evacuated metal housing and provid- 
ed with photographic registration obtained results indicating that any exist-= 
ing ether drift could not exceed one kilometer per second, 

The theoretical phase of the ether drift problem has been treated 
by a few investigators, Ina paper by W. M. Hicks* of University College, 


Sheffield, there is an important theoretical investigation of the original 


experiment. In his work, Hicks considered, in particular, the effett in an 


em aa eee ee ee 


BS 
Piccard, A, and Stahel, E., Comptes Rendus 183, 420, (1926). 
Piccard, A, and Stahel, E,, Comptes Rendus 185, 1198, (1927). 
3to0s, Georg, Ann. D. Physik (5), 7, 385, (1930). 


*Hicks, W. M., Phil, Mag., 3, 9, (1902). 
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interferometer of which the arms are at right angles to each other and the 


normals to the mirrors make a slight angle with the arms, From his investi- 


ation he concluded that this slight inclination introduces a small first 


order effect which is singly periodic in a complete rotation of the interfero 


meter. The amplitude of this full period effect varies inversely as the widt 


of the fringes being used at the time of the observations, Miller states that 


this effect was present in all the observations including the original obser- 


vations of Michelson and Morley, 


H, A. Lorentz in his book "The Theory of the Electron"~ develops 


a theory that a body contracts in the direction of its motion, He discusses 


2 
the ether drift experiment and derives the well known result age ‘ 


The theory of the ether drift experiment was also discussed by 


2,3 
A, Righi © . He concluded that there should be no fringe shift detectable, 


because,on account of the rotation,the two beams exchange places and hence 


he effect cancels out. 


E, Re Hedrick* and Paul S, Epstein” presented papers dealing mainly 


with the effect produced when the mirrors are slightly obligue to the arms. 


tn his discussion of the ninety degree interferometer, Epstein states that the 


a 
pngle between the rays in their final path is Focos 2¢4 The latter expres- 


sion corresponds to equation 58 in this paper. 


oma 


ed oe ee 


- Lorentz H, A., "The Theory of the Electron", B, G, Teubner, Leipzig, (1916) 


Righi A, , Comptes Rendus, 168,837, (1919) 


Righi A, , Comptes Rendus, 170,499 and 1550, (1920) 


A. Hedrick E, R,,Astrophys. J.,58, 374, (1928) 


Epstein P, S., Astrophys, J.,68, 383, (1928) 
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The “Ether Drift Conference" 


gives evidence of the amount of 
attention that scientists have given this problem. This conference was held 
on. February 4 and 5, 1927, at the Mount Wilson Obserbatory in Pasadena, 
California, The attention of the entire conference was centered upon the 
problem of measuring the ether drift. Among those present at this conference 
were Michelson, Lorentz, Miller, Kennedy, Hedrick and Epstein, 

Y 5. Gartual wrote a paper claiming that for a maximum effect the 
arms of an interferometer should be inclined forty-five degrees to each other 
The formula he derived gave the expected fringe shift as a function of the 
angle of drift. However, his formula seems to predict an effect even when 
the arms are taken parallel to each other, Accordingly, E, £, Haskins” made 
an investigation of the effect that may be expected when the arms are sepa- 
rated by an angle of forty-five degrees. He concluded that the expected 
maximum displacement of the fringes should be more than twice as great as the 
naximum displacement obtainable with an interferometer of similar size and 


arms at right angles to each other, 


. Ether Drift Conference, Astrophys. J., 68, 352, (1928) 


PB. Cartmel, W. B., Physical Review, 53, 108, (1938) 


B. Haskins, E, E,, Doctorate Dissertation, Boston University, (1938) 


PRELIMINARY REMARKS CONCERNING FIGURE J 


Figure 1 is drawn entirely from the point of view of an observer 
fixed in the ether, Relative to this observer, the Michelson Interferometer 
is moving in a direction v, where the vector v is the horizontal component 
of the absolute velocity of the earth, 

As the apparatus is set up by the moving observer the plate M is 
made to bisect the angle between the two arms S' and S} but due to the 
Lorentz contraction 1 the fixed observer will find that the two angles are 
not equal hence they have been designated by the different symbols 9 and 9’ 
and set equal after applying the Lorentz transformation, 

For the general solution of this problem S' and 5S" have been made 
unequal, But, just as in the case of 9's the two arms may be set equal 
after the Lorentz transformations have been applied, 

The mirror M' is adjusted by the moving observer to be perpendi- 
cular to the arm to which it is fixed but due to the Lorentz contraction of 
the mirror, the fixed observer will find that the angle between the normal 
to the mirror and the arm S' will beo. 

In order that the fringes observed in the telescope may be of 
a convenient width, the angle between the mirror Mi" and the arm to which it 
is fixed is made just slightly different from1¥/2. However,wthe angle which 


the fixed observer measures between the normal to the mirror and S" is 


— 
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1. The Lorentz transformation equations of the various angles and distances 


discussed in this section, will be derived on pages 18 to 30, 
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slightly modified because of Lorentz contraction of mirror M", 


In the experiment, it is found that the telescope which is equally 


inclined to the two final rays mustbefocused on a point T which is in the 
vicinity of the mirror M', Thus, the two paths of the light that must be 
compared are ACtCH-HT and AP+PL-=LT,. 

Before proceeding with the main problem, it will be desirable to 
develop all the necessary equations of the Lorentz transformations, also the 
law of reflection from a moving mirror and the equation of the change of 


wave length upon reflection, 
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7 FIGURE I 


LORENTZ TRANSFORMATION 


Consider two inertial systems 5 and Se, S being fixed relative 
o the ether and Sgbeing fixed relative to the earth but moving relative 
o S, Throughout this work all angles and distances measured in the latter 
moving system will be designated by the subscript zero, whereas ali angles 
and distances not bearing the subscript zero will refer to the former fixed 
system. 
| Let XYZ represent a rectangular system of coordinates fixed in 
he system S and X,Y,2Z,a parallel set fixed in the system 5,. Let the two 
systems be oriented so that the velocity v of 5, relative to 5 is in the 
positive X direction, Denote the coordinates and time as measured by an 
observer in S as x, y, z, t and as measured by observer in S,as Xo1V, 22 
t-. Let the zero of time be determined by taking t=t:0 at the origins of 
he two systems when they are passing each other. Assuming these conditions, 
ogether with the hypothesis that the velocity of light has a constant value 
elative to all inertial systems, we obtain 1 the familiar Lorentz trans- 


formation equations: 


Xa =Oo- vibe HiFi jroyseoyyivert amd! BaF, 


Let us now consider a rod such as a meter bar at rest in system 


De With its axis parallel to the Xg axis. Designate its two ends by the 


ubscripts a and b, 
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_ Richtmyer F, K, Introduction to Modern Physics p. 714 (1934) MeGraw Hill 
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provided that x,and x are determined at the same time t,. 
b a 


Substracting, we obtain 
r 


XK, Ka = he Ke, Mi- & ) Eqn, (1) 


wi- 


From this last equation we see that the measured length of the rod 


as determined in system 5 is less than that as determined in S, according to 


the ratio 


Dak oe ae 
Gi eye 


From the equations involving y and z, it may be observed that 
there is no contraction along the y and z coordinates, 

Thus, summing up, we may say that according to the Lorentz trans- 
formations there is a contraction along a line parallel to the direction of 
the velocity, but no contraction along a line perpendicular to the direction 


of the velocity, 


Effect of Lorentz Transformation on Angles 


Let us now consider the effect of the Lorentz transformation on 
angles. There are two cases that must be considered. First, angles of 
which one side is parallel to the direction of the velocity, The angles 
g, (0+ 6) and (© + 0' +9) are in this group. We shall refer to such 
angles as angles of Type I, The second type consists of angles of which 
neither side is parallel to the direction of the velocity, The angles © and 


@' are of this type. We shall refer to such angles as angles of Type II. 


Angles of Type I 


In fig. II, let EA and AC 
include an angle g, as measured by 
observer moving in direction AC or v. 
Due to the motion along v, the 
component of AE parallel to y will 
undergo a contraction and the angle 


that will be measured by the observer 


fixed in the ether will be DAB or #, 


Let L be component of AD perpendicular to yv 
Thus: 

AGe= leiclin oe 
and from equation (1) 


AB=Ldn@U-k)* , 


Pv 


Also 
tan @ = L/AB 


L/L ctn ae (hate Ne 


i) 


Hees 
= tang (i-2) 2 


Expand and drop all terms involving powers of v/e greater than 


the second, Throughout this work, we shall not keep higher powers than the 


second. 


) Therefore: 


2 
tan g= tan @li+¢ Zt) , Eqn. (2) 
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In the following work we shall deal almost exclusively with sines 
and cosines, 


Therefore it will be convenient to derive equations of the 


sines and cosines of the angles as measured by the fixed observer in terms 


of angles as measured by the moving observer, 
ry ace 
cos g = (ittan’@) 2 


Beeps. 
- [ittante (144 )] 7% 


a | 
fe 2 vi ee 
(sectg, + tan*a,)2 


Multiply numerator and denominator by 


cos Be 
= COS Vo 
cos g _ 1 
Cl+ & sinre)z 
Expand in terms of powers of v/c. 
Cc = ' ut Ora 

OS@ = Cos (I-a Sin* @ +...) 

Also 


Eqn. (3) 
Sing = cose tong 


. 6 4 
Sing = Sing (It =e COS*@ +: ‘) 


Eqn, (4) 
Similarly replacing ¢ by (9 + ¢) and g by (9+ ¢) we obtain 


ru 
Sin (9+¢9) = sin (9+9)(I+¢ a Cos*(9,+9,)+:--}, Eqn. (5) 
and 


COS(9+%) = COS (%+,) LI- > a Sim? (90+ Goto]. Eqn. (6) 
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Also, replacing g by (© + 6' + g) and g by (26,4 g) we get 


2 
Sin(9+9'+ @) = Sin (2Io+ &,) [i+ = <5 COS (290+ G, +" J Eqn. (7) 
and 
‘4 : 1 
Cos(9+9+q) = COS(r9+H)L1- + a Sin'(29tG,)+---) i ee: 


It will be observed that if any of these angles are set equal 
to: 180 degrees, its value undergoes no change upon transformation. ‘However, 


this statement is not true of angles of 90 degrees. 


Angles of Type II 
To determine the sine and the cosine of angles of Type II in 
terms of angles measured by an observer in the moving system, let us 


consider the identity: 


9 =(9+9)-9 


then: 
sin 9 = sin((9t9) - G} 
Substitute equations 3, 4, 5, and 6. 


% 2 
sin 9 =Sin(Iot%) cos Go (i+za 60s*(9.+¢,)][1- +4 sin*@,] 


zy rz 
— cos (I+ %)sing,[I- o = sin9ot9,) (I++ 4 03g |] 


Multiply and arrange according to powers of v/c. 


Sin) = Sin(It®)cosg, —cos(It%) Sing, 
+> x [Sin(9ut%)cos @ cos Igt%) — Sin(Iot%) COS @ Sim'@, 


+ 60S(IotP,)sinilIot M)sing, -605(9,+g,) sin w, cos'g,] 
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Replace cos’ (9 + g) by 1 - sin * (Q + g) and sin’ by (1 - cos*g). 


Then 
zu 
Sin9 =Sin9, +t5 [sin (9.49) cos @—sin(Iat®) cos gy, 
— SiN(I +P.) 605 Gt SEN( Tot P,) cos? @, 
+ 605(9,+%) sun*(Ir%) sing, —cos (Jota) Sing cos] 
= (Guy Jee ln 2 
= Sin Jot Zl Sint) singe+ sind, cos’ @ | 
6 9 5 9 \ uw any 9 i 
Sind = sin d[I- a lsiv (%+9,) — cos’ g 3 
Eqn. (9) 
Again, let us assume the identity: 
9 = (9+9)- 9 
then: 


cos = Cosl(4+9)- 9] 
= 103( 94+) cosq + sin(I+9) sing 
Substitute equations 3, 4, 5, and 6. 
rs u 
cos 9 = c05(94¢,) cosy, {1-4 Siw (Ite )]LI- LE sing] 


hea wu 
+ Sinld+g,) sin Olitca Cos (Urep,)\ LI +5 60s @, | 


Multiply and arrange according to powers of v/c. 


cos 9 = c05(9,4 9) cos @, +Sun (95+, )sin , 


2 
cae = cos( J+ Q,) Cos @, sin, — c03( Jot ,) sin*( Jae.) cos Y, 


+ Sin(9,+9,) SUNG Cos @ + St n(JotP,) cos* (Jot, ) sun 2, | 


Replace sin*(@ + f) by 1 - cos*(9, + g) and sin’g by 1 + cosh . | 
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2 
Then cos J. = cosv, +4 A Lm 605 Jet) cos @ +605(I,44,) cos? @ — cos (HrQ)eose,, 
+ cos*(Jntep) cos, t5in(Joty,) sin @, Los* @, 


+ StnlIgt@,) cos*(Jor%,) Sint} 


2 
=.03 J+ 15 [eos'(Jo+9,) cos Jo + 605*M cos J,— 205 (+O, eos x) 


2 
uv 
’ 
= C05 Je +la (cos(U,1%,) cos Jat Cos @ {cosa cos us -2¢055,c05 ¢, 


19 sumidusin 4] 


.% 
Cos J =cosdo (i+ $ K{cos'(Iere,) cosa (atand, sing,- cos o)} + J 


Eqn. (10) 
Similarly, to obtain equations for @' replace g,by (@ + g). 
This yields 


2r 
sun = sindeli-% SZ {sin'(29,+%) ~ cos (Jot®,)} +" } 
Eqn, (11) 


z 
co$ 9 = 60s J(I+5 é {cos Ist) + cos(do+%)L2 tan do sen (Jat) - cos(at}}4 oA 
Eqn. (12) 


In later work, we shall find that the angle (@ = 9") occurs 
frequently, therefore it well be convenient to derive the value of gsin(e@-6' ) 


and cos(@-6') at this point. 
sin(9-9) Sum) cosdi cos dsiny. 


Substitute equations 9, 10, 11, and 12. 


Xu Sen 
sin(9-9') = sindacosdo[l-> = {sivt(Jgte,)- cos @ -cos (Wste,) ~2tandysinist®)eos0+®) + cosa eh 


2 . . 
~Sind, cos J, [+ roe {ros(Ita)+rtan Jo sine cose, -Cos @ -sinr dae, ) + cos(I,+%)t] 
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Multiply and arrange according to powers of v/c. 


ut é : r 
sin(i-9) Soe Singcosof-sin Wat) + 2costy, + 605 (29.4%) —2 cost (Jot @) 4 sim (Jot @,) 


— 605 %(Jot%) srztan IoLsinit2,) cosWIa%) -sin Y,c05 %)} 


z 
st n(9-3') 2 = Sin JocorIofcoste, - cos (Jet) + tandofsin( Jeo, ) cos(Yor®) E 


fqn. (13) 
Sing cos +e 
Also COSeayt 4 
| CoS (9-9) = Li-sint(9-IIV 
cos( 9-9) = 14-- Eqn. (14) 
neglecting terms involving powers of v/e greater than the second. 


It will be desirable now to determine the value of the sine 


the cosine of angleo, The nature of the angle@was discussed on page 1 


Let fig. IIIa represent M' as seen by the observer fixed in the 


ether and fig. IIIb, M' as seen by the moving observer. It is clear that 


Fig. IIIa. Fig. IIIb 


due to the contraction of the mirror in the direction of v the mirror 
suffers a slight rotation and therefore the normals constructed to the 
mirror by the two observers will be different. 


The angle between these two 
normals is calledg; 


In fig. IIIa the dotted line represents the normal to the mirror 
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| Let us expand ctn(B+o). 


constructed by the fixed observer. In his coordinate system A¢B'=90°. 
Similarly in fig. IIIb the dotted line represents the normal to the mirror 
constructed by the moving observer, In his coordinate system A, +B, =90° 


Referring to figure I, we can deduce that 
B. =(t -29,.-4.). 
The angle By becomes angle B' in the fixed observer's coordinate system. 
Thus G'= (1-9-9'- 4), 
However, in figure I we have designated this same angle as 
B:(W-9-I'-e-c), 


Therefore, we have 
Bi: Bre, 
Angles B, B' and (90°#B') are all of Type I. Therefore, applying 


equation 2, we get 


1 Ope 
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etn B = ot ny B, Lit rll " 
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|| Now, 

i} ; es 

= etn BL Z4--] 

Substitute the latter expression in the equation preceeding it. 
a 


ctn B. tne l-i& | =I 


uw 

wv 
Seem Bolts = | 
etne t+etnBo[i- 72] a 


Cross multiply: 


From which we obtain 


Utex 
Zs Sin’ 8, ChnBy 


ctno =o 


and 
a 
tano= — & sinBcosB, 
Substitue for By its value (1-20,-¢,) then, 


2 
tang = -a Sin (T1- p -o,) cos(Te2v,-%, ) 


a 
tances ma SEN (AI ot} cos(aVot ®), 


Also 
1 
cas Gin= Vistavco) 2. =.ls--- 
neglecting powers of v/c greater than the second, 


and 


z 
sino = cose lane = ee sin(rIor@) C08 (2 Io+%) 


L et t ears ae Le 
ctw B, tae “sa nBoutng —| = ctnB, ctno ee etnB, ctne retnig. 
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Eqn. 


(15) 


(16) 


Cay ewe ial é 
ie ‘zx wee ond Awe 
P I oxy > + he CO va = = : aa OAD nda r fo ee 
| Savtias wits 
ead 
"a 
j 
: 
- j -- i , we - ens a an Ts 
ci AS 
; jf sé f sified suri Jad ue 
o 
: ox, 1 
} eas Lt>\s UCT 8 35 
2} f => lgeh Nizar UN se © 
Ae a - j 
—_ 
a Ses hE 
2 j 
J sviqiilun anon 
$ aF te 
. ‘ L 1 . -) é 5 = Vv i Wan’ 
| ptwso SA Js, .8anadte g + UNIS 9G Ne = i- UND gal? p= So - tds an aie 
I 5 : ~ lied a | 
» eh 
i oe 
a P s ‘vite 
- oiswdo aw noldy 5 
ae = ; 
7 7 he 
ad | , | 
c - 2 
= em ee “= ee gt te 2 Ore + : 


a? 299.6 nw ie 


madd ( R- B=) eulsy asi stot sust 


- é . 
. G> MSA 09 (7 NET IY =~ = peel poe 


P 
D+,' wpe RS rs | 
Prev SOS | Oro*SP NIE’ F— SAS P igre 


nae 
ly One 
? 


ok6 


oo 
= 
«© 


ct ort 


Pi 


o> 


. : 
C3i) apa hey s (SABRE UP re 
Te 


< 


-bttosees Gt nedt tacenig o\y lovetawod 


tae tit tag 


(Orbs) tor (pabsyise F> ww 
. £ ade ’ if ’ ; : De. % 


== i —— — a 


We shall now determine the sine and cosine of anglew,. The 
nature of this angle was discussed on page 15 . 


Let figure IVa represent li'' as seen by the observer fixed in the 


ether and figure IVb, li" as seen by the moving observer. As in the case of 


mM" nh" 


Fig. IVa Fig. IVb 


the mirror M', the mirror M" undergoes a contraction in the direction of v. 


The effect of this contraction is that the mirror is slightly rotated. 

As was explained on page 15, a small angle must be introduced 
at NM" so that the fringes observed in the telescope may be adjusted to 
some convenient width. Letw represent the angle introduced in the adjust- 
ment of the fringes as measured by the observer fixed in the ether, plus 
the small angle which comes into existence from the change of orientation 
of the mirror @aused by the contraction of k™. 

In figure IVa , the dotted line represents the normal to S$" cons- 
tructed by the observer fixed in the ether. In his coordinate system w-40p, 

) | In figure IVb, the dotted line represents the normal to S} cons- 


tructed by the moving observer, In his coordinate system, Ww, =90°-B, . 


Also Ay = 907 - % +Wo ah 2 Dist. WA = Ore & 


oJ 


bi task navies - 
Sdete, 
a : 

|| 
dove alone LLene 


stk toat face eAd yc baause ee) 


ez? ob Ari , ’ 


t hval?t 18vsend > oat eu bas 
tfob ons orig tt oe i. 
ps a x 
wh mote ye efenzhieooafa al stovtondo gas ar A 


2a’ ae a bye). = 


By equation 10 


2 
Cos B= Cos B.U- 5 x {cos*(AgtB,) + cos AoLitan By sin Ay - co Aylt+ - --| 
Substitute values of B, B, and Ay. 
% 
Cos(% -w)= cos( E -Wo)[ I= 4 (cost ir-9) 
+ cos} ~(Py-Wo)hfrtan(H -we)sin{Z -~@,-w94) - cosf Z (9-0) 4] 


Or 


xs 
sinw = sinw,[I- y (cose, + $i W(@,-we)frcin Wo cos(@-Wo) - sin(e,-Mo)}}4-—] 


In the actual experiment it is found convenient to make W, of the 


order of magnitude of v/c. Therefore, we may set 


A Oe 
$n Wo= = Stmie 


where Bo is defined in terms of this equation. 


; i 
cos we, = (I~ Stn*w,)i 
a 
Sapa Sen Be 
ont Ta Sy aoe 
In equation for sinw we observe that sin(g-w), cos(g-%) and ctnw, occur in 
the coefficient of (v/c)*. Therefore, it will be necessary to expand them 
only up to (v/e)™* after substituting for sinw,. Thus, all that remains 


in the order term is 


COS Wo | 
= o—— #--- 


Va 
c DOM cat 


ctn Ww, = oe 


Substituting this value, we get 
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2 Vi we 
sin w = 7 Sinpfi =e sing, 4 220 %e f, a5 || 
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Stn Wz eo Sine tT SEN DP, cos, +--- Eqn. (17) 
And: u ah 
cosw - (i= Sinty)? 
zi 
Uae 
= jot = Sun 4--- 
Ve Pe Ean. (18) 


It is clear from equation 17 that the v/c term is the part of the 
angle whcih was introduced in the adjustment of the mirror; whereas the 


(v/c)* term is the part introduced because of the contraction of the mirror, 


Effect of Lorentz Transformation on Distances 
Referring to fig. I we observe that the angle between 5' and the 
direction of the velocity is (e#@'t¢). Therefore the component of the 
velocity parallet to S' is v cos(@+0'#d). Substituting this value of v in 
equation 1 gives: 
' t vt z 9 ig? 
S <sp[i- & cos(9eJ4e@) 5.4 


L 
z 


Substitute equation 8 and expand. 
sae tie 1 cost(1 99%) 4.--Y A 
Similarly, referring to fig. I we observe that the angle between 
S" and the direction of the velocity is g. Therefore, the component of the 
velocity parallef to S" is v cos g, Substituting this value of v in 
equation 1 gives; 


2 i 
BY = So [i- FS cote ]2 


Substitute equation 3 and expand. 
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LAW OF REFLECTION FROM A MOVING MIRROR 


Consider a mirror M moving in a given direction with a velocity v, 


the angle between the direction v and the mirror being g. Let AB be an 
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Fig. V 


incident beam of parallel light of which CD represents the wave front at the 
time that the ray AC strikes the mirror M. Let i be the angle of incidence, 
that is, the angle between the normal to the mirror and the incident ray of 
light. While the ray of light BD advances a distance ct to E, the mirror 
has advanced a distance ut, where u®v sin g and c stands for the velocity 


of light. This position is represented by M'. During the interval of 


time thet the ray BD traverses the distance DE, the ray reflected at C 
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traverses an equal distance CF=ct. Construct EF and CF so that they include 

aright angle. EF represents the wave front of the reflected ray. Let i' | 

be the angle of reflection, and @& the angle between CE and the mirror, 
The right triangles CFE and CDE are conguent since they have a 

common hypotenuse and equal legs CF and ED, 

Therefore Li-d zeit+e 


and a = (i-t)/2 


In triangle CEG ut =< CE sina 


In triangle CFE ct - CE sen i' +a) 


Divide the next to the last equation ts the last. 
sokttune 
Uy S “sinees SUP ust e 
G Stn) oT 4 ery, Ce? 
7 
= a * ' 
or, ee (i-i') 2 Ae et) 
2 c 2 
Expanding this expression, we get: 
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Stn— cose 


0 + COS 
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— Stn = : nN— cos — stn 
a) 2 a (sé Be ae =) 


Divide the last equation by cos = cos 


b ay : oe 
tan gi tanz ps 2 (tant tons ) 


Using Peirce #578 [tant 3 sn | we obtain 
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. ° s ‘ 
Sin b Stni Uh. “Stn LE Sini’ 
Sia SE he iy SM ale 


14 cost 1+ c0Si' C jpeosi SC icose' 


Bx 
Collect terms and replace cos i' by (l+sin@i')2, 


sin i ag seo b 
I+(i-sintv)” 


Where A is defined as (c-u)/(ceu). 


Cross multiply and rearrange the last expression. ; 


sini'+ sinicosi!-Asini = A sini(I-sinti')® 
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Squaring both sides yields: 
gin i + sini’ cost +2 $in us GoStb -~2 Asin fi 


—2sitne cose + sin*izo 


From which we obtain 
Sin ris ~ 2A stn t 
I+ cose + ge( j-cosh) 


Substitute for A, it's value and multiply through by (c+4u). 


a(c*-U*) sin i 


Stn t= = 
(C44) Cl4cos i) 4(c-w) “Ci — 05 i) 


Expand and divide through by c*. 
a Gaertn 
Seat CS yee SE 
iy a cost + ue 
c AR 


Divide numerator by denominator and neglect powers of u/c greater than the 


second, This yields: 


etal a Vie he : Ser ae 
Stn. = Suny —-AT Sent CSL + es stn i (aces c -1)4--- 


4 
Using the relationship cos i’ =(1 - sin”i')2, we obtain 


a 
Ou . vs - iis “wv - is * 
Gosi = cost 42 FE Stim iL —Yy FZ sin’ e cos ut --- 


Replacing u by its equal v sin g , we obtain as the final equations for 


sin i' and cos i' : 


. S10 ee . . [vs a H - x yt 
SEN LE SNL -ATSiN® sini cosi +2a sino sin i(acos inf) Eqn. (21) 


: Co “Eee ae 
COS o'= COS U +2 Sing sine —UASinry Simi cos it--- Eqn, (22) 


We have thus expressed both the sine and the cosine of the angle 


Ww 


the sine and the cosine of the angle of inciden 


of reflection in 


the sine of the angle between the mirror and the direction of the velocity; 
the velocity of light and the velocity of the mirror, this latter velocity 
being positive when the mirror is approaching the source of light and 


negative when receding from the source of light. 
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CHANGE OF WAVE LENGTH UPON REFLECTION FROM A MOVING MIRROR 


In figure VI, CO represents a ray of light incident upon the 
mirror Mat O, The lines drawn perpendicular to this ray represent succesiv 
wave fronts one wave length apart. Similarly, the lines drawm perpendicular 


to the reflected ray OD represent reflected wave fronts one wave length 


apart. 


If i is the angle of incidence, i' the angle of reflection, A the 
wave length of the incident light and A the wave length of the reflected 
light, we have: 

U . a 
»\ = AB sin i 
and 


A= AB Stn t.. 
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Dividing the former equation by the latter, gives: 


Pe Sn 


A Sin t 


Substituting equation 21 and dividing by sin i, we obtain: 
z 
Cae Rab ake, pha Ashe 
N= ALI-2ZSin @cosi +2 Fi Sinre (2008"i-i)+-~], 


Since we shall have to divide the various distances by the corre- 
sponding wave lengths, it will be desirable to obtain the reciprocal of the 


above equation. Thus, 


| A Ge en 
Fy cosh ane beer sim ge | ian, (23) 
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ANGLE OF REFLECTION OF THE RAY FROM PLATE M ALONG ARM S* 


eee 2A 


In figure I the apparatus is representdas moving in a general 
horizontal direction v. Because of this motion, the ray of light leaving 
the source at O is ae incident upon the plate M in a direction parallel 
to the source arm S, 

If & is the angle between the incident ray of light and 5,we have 


by the sine law- 


Sina _ Simn(T-9) j 
ut is Ge 


from which we get: 


: Ve. ; 
SINK = sing Eqn.( 24) 
and 


{ 
CoS & = (1-Sin*a)? 


iS) 


\ OEP 
Cosa = ass Sema y Eqn, (25) 


Ef B is the angle between the normal to M and the source arm 8, 


and i, angle of incidence at the plate M then: 


Also 6 =i -Ges, 


Therefore, substituting for B,we get? 


ana 
pases ged Eqn. (26) 


oo 


=j 


To find the sine and the cosine of the angle of reflection, apply 
equations 21 and 22. Since the mirror is receding from the source of light 
the velocity is negative. The angle between the plate M and the direction 
of the velocity is (0+¢), Thus v sin g must be replaced by -v sin (0+/). 
Hence, substituting in equations 21 and 22, we get. 


° . . . as ° ba 0 . 
Sinil= simi, +2 Sin(9+9) Sine, Cosi, 


a ee ‘ 
+2 Sin'(9+4) Sim i (Reosti\-i)e--- Eqn. (27) 


and 


v : ae ets. 
COS b, = COSL—-AT Stn(I+9) Sinri, 
ie ; 
—4Ei Sin(9+9) Simbicosite: Eqn. (28) 


Substituting equation 26 we get: 
Sin i, = co$(9+e) 
= cos 9 cosa — sind sind 
Substitute equations 24 and 25 , 


. . Wie r . ye ‘ 
Sin i, = CoS 9— = SinD Sin 9-ta cos 9 sin’ 4: 


Again, substituting equation 26,we get: 
cos i, = Stn(9+e) 


= sin 9 cose +0069 sina 


Substitute equations 24, 25 . 


: i r 
cosi,= sind+2cos9 sing -4% sind sintg+: 


The following expressions will be developed only up to the power 


of 2 towhich they will be needed when they are substituted in equations 27 and 


28, 
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Sin i, cos t= Sind cos 9 +2 sin G(2605°9-}) 4°: 


ve ; 
Simi, = cos} 9-2 sing sin? cos 94:--- 


sin U, COSY, = sind cos 0+: 


Sin*{ Cos i, sind cos*9,:.. 
Substituting the appropriate expressions in equation 27, we obtain: 
u 
. om | a — VF 4 . abu VW - au 
Sini = cos § = Sing sind a 
Vie : 94%. a 
+2e Sin(9+9)[sind cosd4+e sin g(zc0s' 9-1)] 
." 
+255 sin? (9+9)L2 sin? 9 cos 9 -cos9 te 
Arranging according to powers of v/c ,we get: 
“i J cin Ia sinG+@)Gos 9 si 
Sint =cos 947 Sin dLASiN(I+e Sing] 
uv 
: : 2 Re 
+& [a sinl9+9) sin gacos J-\) - $ sim cos) 
$2SenN2 (9+ 4) cosIQsin')-i]}4--- Ean. (29) 
Also, substituting the appropriate expressions in equation 28, we 


obtain: 


z 
COs U =sin9+2 sing cos 9 -23 Sin Stn 9 
—2% sin(9+9)[C0879 -2.2 sing sind cos 9] 
z 
— 4S sint(9+9) Sim Joos*I4--. 


Arranging according to powers of v/c, we get: 
. A wa : ‘ 
cos i =Sind a cosU(sing-2 cos 9 Sin (I+) ] 
uv : j Oi te) a2 ty ts a 
+ [4 Sin (949) Sing sind tos ¥ —z Sin'y sind 
-¥ gin’ (d+) gind costy. jt: . Edn. (30) 

We shall find that the sine and the cosine of angle (i'+9) will 

be needed,therefore we shall derive the equations for sin(i!ee') and 


cos (it+9") at this point, 


f 
-_ yal i 
~ Viti (ostyé viear~., os a 
sh ye re hi 


; ? 
aus bas orbs ede sex + pant oars 


ee ———— oom i= can sae i 


| Substitute equations 29 and 30. 


Collecting terms and arranging according to powers of v/c, we get: 


Substituting equations 4, 5, 9, 10, 11, 12, 13 and 14; we obtain: 


= a Uj x On \ « ; ’ 
Sun (i'+9) = Sun ou, cos) +605 G sind 


gin (i49') = Cos 9 cos 9 +¥ Sind cosd'[2sinls+e) cos 9 -si ng] 
+e c0s9' 2 sin’@ cos) +2 sinl94®) song — asin’ (HQ) cog 9 
—Y sinl+e) sing sind +4 sin (9+) sind cosd. | | 
+ Sind sin V-F sin 9'cos9 La sun(949cos9 ~$inQ} 


14 
+n Sind Fe sini gy sind +4Sin(9+@) sind cosdsinge -Y siv(H@ sind cos] | 


Sin(ii+9) = cos(9-9) +2 Sin(d-9')L2 sin(9+9) cos 9-sing] 
r 
= -t sin? @ cos(9-9) 42 sinl9+@) sing Cosd 
45un(9-9)f 4 sin'(949) SUn9 cos d-y Sin49) sing sind 


—Z sin'(9+9) cosdcos I ]y..- 


@ 


j rs Taal . . 7a 
sin(i's9)= 45 Cxsin'g +2 sin(dor Pp) 6059 {sing = sindae,jeosl I (31) 


Similarly, 


cos(i'+9') = Cos ¢, cos 9’ —sint’ sind 


Substitute equations 29 and 30, 
Cos(L'49)= sin Icos J —S cos Ieos I'£2 sin(94+9) cosd-sin 9) 
+ cos IErsintg sind +Y¥sirlI+@) sind cos I(seng - 5in94g)¢0s9)] 
TEAR sins 2 Sin Jsind L2asinl9+9) e059 -sing] 
a sind’ (-F sino cos 9 + 2 sin(9ae) sing -2 sin(9+e) cosJ 
—YSin(9te) singsin’d 44 Sinti+@) Sin’) cos 9} 


Collecting terms and arranging according to powers of v/c, we get 


cos(ii+9) = sinQ-9) —2(cos9-I)C2 sinld +o) Cos J-Sing] 


ee sine sun( 9-9) ~25Un(949) Sing sind' 
+4 C0s(9-9') sin(9te) Sind ising — sin(J+o) 059} 
+2 Stn? (949) 6059 sind] a... 
Substituting equations 4, 5, 9, 10, 11, 12, 13 and 14; we obtain; 
cos (ied) =— = C2sin(9ot%,) 608 Jo~ Sing] 
+ F(sin S$, cos Jo{cos'%, -c05'( Jor) 
ttand, (sinc e9,)c0s(Iyt@,)}-sing,cos¥,)} 
+2 sin(Jst®) sindo(Si ne - sin(Itr@,) cos9,)]e-- 
oe second order term reduces to zero, hence, we get: 
Cos(i'+9') = - Loe Sin (9o4+%) cos Io -—Sing.]4:-- 


Pope 
= -YsinQadte)e--- , Zan, (32) 


ANGLE OF REFLECTION OF THE RAY FROM MIRROR M' 


To find the sine and the cosine of the angle of reflection at M' 
apply equations 21 and 22. Since the mirror is approaching the source of 


light, the velocity is positive, The angle between the mirror M' and the 


7 Nee 


direction of the velocity is (9+9' +d+0-2), therefore, sin ¢ must be replaced 
by ' 
: oUt 94+9' + 
sin(949' 4940 -F) =-Cos( +o) | 
Expanding the latter expression, we get : 


sin (+3 +¢ to - 2) = _ cos( 9+9' +e) COST 4 5in(949'+%) SiNG, 


Substituting equations 7, 8, 15, and 16 and observing that (v/c)+ is 
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highest power to which this expression need be developed, we get: 


Sin(9)' toto -T) =~ cos(°t)4o~ , 


The (v/c)~ term is equal to zero, Hence, substituting in equations 21 and 22, 


we get: 
sen. —- Sim itt 2E 605 (29,49,) Simb, COS 4, 
ue aS cog (adet@,) sim iy (2 Cost, - I) Eqn, (33) 
and 


cost, = Cost, - 2Z c05(2Ie+%,) Stvinus 


% 
= = cos'(29.+%) sini. cos Sag ae Eqn. (34) 


To find iz construct the lines AE and CK in figure I parallel to 
S'. Since they are bounded by the same parallel lines, they are both equa} 


‘to, S*ig,. Then, 


Also, 
angle AEK = Y= Geen 


Substituting the latter expression for in the former equation we get ° 
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Sin b, =—cos(ti+9 +o) = —cos(iltd') cose + sin(i'49') sing 


nd 


Gosiea Sin (i'+0'+0) = sin(i'+d') cosa + cos(il+d') sing 


ubstitute equations 15, 16, This gives : 


: ee i 
Sin i, = — cos (i49') + cos (AIo+G) sin(rIore,) sin( b+ I ere 


and 
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Substitute equations 31 and 32 for sin (i'+9') and cos (i/+9'), This gives: 
imicee $inQd +9) + (29ot Py) SENLAI GHA) 4°: 
and 
Corie 
COS b, = 14a [-ESiN' G+ K SEM(I TG.) CosIo{5iT @ - SiN (Jot Gy) 605 Iot}e: Eqn. (37) 
The following expression will be developed only up to the power 
of v/e that will be needed when it is substituted in equation 33. 
ame . Uae: 
SUN b, COS b= | SEN (AIAG) + Eqn, (38) 
Since sin i, is of the order of magnitude of v/c, its appearance 
to the second power in the first order term of cos iy causes that term to 


be dropped; a fortiori in the second order term. Likewise, its appearance 


in the second order term of sin i} causes that term to be dropped. 


Substituting equations 36 and 38 in equation 33 gives; 
a {] Wits vs . 
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which,on further simplification, becomes; 
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Eqn. (39) 


Also, substituting equation 37 in equation 34, we get: 
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We shall find that the sine and the cosine of the 
and cos(9'+i'te) at this point, 


Sin(O' +40) = sin (9'ti,) cosa 4c05(9'4i,) Sune 


and 


cos( 9'+ +640) = Liars aA ile 


Substitute equations 15 and 16 for sin@ and cos, 


‘a 


papasnd sin(@ O'+il), 


Sim (9'4it,) = sind9'cosis +cos9' siniy 


ubstitute equations 11, 12, 39 and 40, 


sin(9'tir) = Sind, L- LE (sim abate) cor Sue 3 


angle 
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Sinl9'+ijre) =sinl)'+i,) $F SUnQI+g,)C05(2Ior%) cos (O'Hare 


{ost - ’ « 
Cos(9'+iste) = cos) +t, ) a= Sin Ite.) C05 (2IetY,) Fin Iti, )4 >: 


(O' Fis +o) 


will be needed, therefore we shall derive the equations for sin(9'+i} +0) 


Eqn. (41) 
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Multiply and arrange according to powers of v/Ce 
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Similarly, 


° Cals A A A On BP 
cosl9'+i3) =cosJ cos oY =eany Sin ty 


Again, substituting equations 11, 12, 39 and 40; we get: 
r 
: v 
cos(9'ti,) = cos 9 Lit ST Leesa 9o4%) + cos I ut )Latan Josin (It) - coset w)3}| 
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Multiply and arrange according to powers of v/c. 
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For later use, it will be convenient to write this equation symbolically as: 
ss 9! et J wt 
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wnere E, F and P are defined as the coefficients of the (v/c), (v/c)” and 


(v/c)2 terms respectively. 
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Similarly, making the proper substitutions in equation 42, we get! 
cos(9'#t +0) = cos Io- Z sin (adot+%) sindo 
+4 cos *(adg+@,) 60S Jo +SENWo+%,) 08(90+%) sine 
prices *(Iut@) cos 9, - Zz sin? g, 00596 


~2 sin( Jot) Cos(Igt®,) sind, cos*d, 


“UY stnlaJot@,) colada) SENI gle. Bon, (45) 
Also, we shall find that the reciprocal of sin(O"+ij+o) will be needed up 


o the first power of v/c. 


| \ a Cosve 
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Eqn. (46) 


ANGLE OF REFLECTION OF THE RAY FROM THE MIRROR 6" 


To find the sineand the cosine of the angle of reflection at mirror 


M" apply equations 21 and 22, Since the mirror is receding from the source 
of light, the velocity is negative. The angle between M" and the direction 
of the velocity is (t-d+u), therefore, sin g must be replaced by sin(t-g+~) 


or cos(g¢=w), Hence; 


5 B w 4 7 ’ 
Sinj! = sini 42 cos(Q-w) sin) Cos 5, 
xh ee ‘ 
$1 Cos (M-w) Sen}, Acoss} -i) 4 | 
Eqn. (47) 


and 
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Cos Pease 2 ie 
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VOW 


Cos( p-w) = Cos Qcosw + Sin® sinw 


Substituting equations 3, 4, 17 and 18 and observing that cos(g¢=-w) need be 


jeveloped only up to the first power of v/c, we obtain: 


cos (p -w) = cos@ ee Sung Sin Mot’: - P 


Cos*( 9-¥) = COS @ + ~-- 


to the order of approximation to which it is needed. 
Referring to figure I we see that: 


Riese 
Therefore, 
Sin ii, = Sind@-w) 


= Sind COSW- COSsK SiN w 
Substituting equations 17, 18, 24 and 25 gives: 


e <j . . ras a 
Simin Esmee) 8 cine, cov geo, 
Similarly: 


Cos}, = cos (a -W) 


= COSKHA COSW H+ Sint SLNW 


Making the same substitutions as in the previous case, we get : 


. A ve pare oa -2 ¢ Sim \tes 
cosj = \- z cUcsin Gg, +Sin mM, SEN, SEN Mo 


The following expression will be developed only up to the power of 


ee aes 
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v/c to which it will be needed when it is substituted in equation 41, 
pale oe an ae ar ue 
Sinj, cosy = Osun bn M5)4 


The remark made concerning sin i, on page 43, may likewise be made 


about sin jj Hence, making the proper substitutions in equations 47 and 48, 
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Sim j' = F (sing, sity) +o COS 9, (SiN 9, Mo) 4:5. ade (43) 
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Se aay ate WE rate wee sin 
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Eqn. (50) 
We shall find that the sine and the cosine of the angle (Gx3") will 
e needed, therefore, we shall derive the equations for sin(@-j") and cos(e-j,')) 


r this point. 


Sin (9-j!) =sind cosj) -cosd sins! 


and 
ent\\ ce zi C M ot 
cos(9-j') = cosd cosj'esind sin}! 


Pubstituting equations 9, 10, 49 and 50 in the former expression, gives! 
ey 
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Multiply and arrange according to powers of v/c. 
SiN (9-j)) = Sind, - ra COSIo[Sin Y,~ Sin M4] 


2 ’ . | 
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Again, making the same substitutions in the expression for cos(@-j! ), we get: 
ee = newes % ‘ 
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ANGLE OF REFLECTION FROM PLATE M AFTER RETURN FROM MIRROR M" 

To find the sine and the cosine of the angle of reflection at the 
plate M after the ray has been reflected from M" apply equations 21 and 22, 
Since the mirror is approaching the source of light, the velocity is positive 
The angle between the plate M and the direction of the velocity is (6+), 


therefore, substituting (Q+¢) for g¢,we get: 
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Referring to figure I,we observe that: 
AES 1 Ht 
= >-V-w 
J, 21 9 aay 
Therefore, 
Sin) = cos(J+w ~j)) 


= cos(J-j')cosw — sin (9-j)) Stn 


cos j, = sin( 9+ -j') 


= sin(9-j!)c¢os w + c0s(d-j)) sin 


Substituting equations 17 and 18 in expression for sin j,, we get: 


Sin j, = cos(9-j]) — Z sinp, sin(9-j)) 
us s . , 
= [= Sin no cos(9-}')+ Sin @, cos sin(9-j "Pe 


T 


Now, replacing sin(@-j') and cos(@-j}) by equations 51 and 52, respectively, 


we get; 


Sin), = cos 9, + z Sin JolSinG -2sin w,) 


a 
+ =a a Cos (It %) c05 Jo +Sin Jo Sing, cos %, 
—2. COS J, +2 Cos JoSin Q SUN fo 
—2Usin J cosg sine = CD sive sind, Jao 
Likewise, substituting equations 17 and 18 in expression for cos »» 
we get! 
Cos j, = sin(9-j:) +Z sin os(9-}') 
} Jane BY Cc Fe Cc Ne 
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+ 26059,C05 @ sinpr,—2 sin 9 sintp, lt, 


The following expressions will be developed only up to the powers 


of v/e to which they are needed when substituted in equations 53 and 54, 


Simj, €OS jf, = sin9ocosd, +2 (1-2 cos.) (Sin g — 2sinpe)+-- 


ee, 
Sin*j, = cos*S tte SUN. cos Jo ( SiN —2sinp,) t+ 
Stn ja Cos*j, = sin®9, cos J,+::: 


Sin?j, cos j. = sin 9, cost) +.- 


Substituting the appropriate expressions in equation 53,we obtain: 
Stn = COS¥, — J sundo[Sin(aIot%) +25in Me] 
+ F(t 605, +%) COS In + Sind Sin G, COS @, -+ cos Io 
—2 Sin (Jot @) SENG, +4 S Cnlo+®,) cos*Io sing, 
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Ido Me stm jae, 


Eqn. (55) 


ait aas tain BF : 
y a 


at nde 


5 (ton 2 pe wp rie (eb) se S- 


riz te Fi ae 0 i - : 
— wtoa Wey ci@igvort ¥+ 


. r 4 » oC -* 
ga\nive gy 200 Shinde S— ghitdd ge Se eos se 


a: 


. ae tin mo eT. eae 
rst (U*z02 [ePtel) eee B- giz (ere®) SRY 2) 


eth fede 96269 ie 


Also, inserting the proper expressions in equation 54, we get: 
COS j= SinI, + Fcos ILS iMA+G) +2 sinpro] 
+5(-¢ sin? (Jot) Sin J, +z sinde cos? gy, 
-~% sin Je sin® gy, + 4 sin(9ot%)sinI.cos J, Sing, 
~Y sin? (GotGe) Sin Io cost, +2 sind sing, sin, 
+2605 Iq COSY, SiN, 


—$ sin (9ot %,) sin Jo cos Io stinMo 


-2 SUNG, sino la , 


Eqn. (56) 


For later use, it will be convenient to write this equation 


symbolically, as: 


: cm 
cosji cs R+eseapen, eae te 


: i age 0 1 
where R, S and T are defined as the coefficient of the (v/c) , (v/c)~ and 


(v/e)* term, respectively. 


ANGLE BETWEEN THE TWO FINAL RAYS 


Referring to figure I we see that the angle between the ray 
reflected from M' and the normal to the plate M at the point H is 13 or 
(G-o ois). As a proof of this latter statement, we may sum the angles in 
the triangle ACH and set them equal toTl, 

T= (949+ gp) +0. 451) +143 +2 -I-e) 


ee 


cn 


~w 


pi 


» ob ite = 4 202 


q odd ta M etale ede 
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+ : 


After replacing » by its equal (Lice), we obtain: 


b =(f£ -9'-o -i;) : 


Again referring to figure I we observe that the angles i, and 


i are measured in terms of their 


angular elevation from parallel 


base lines--the normals to plate 


M. Let us then construct a 


triangle with base N and the angles 


: 


j 
a 


and i,as shown in figure VII. 


Fig. VIL 


Unless the two final rays are parallel, there will be a small 
angle € at the summit of the triangle, The two base angles of this triangle 
are ({M=i,) and j!. Therefore; 


€ = Tr-( Tr -i, +5.) 


=a IS ’ 
Replacing i3 by its value found above, we get; 


€= (1 -9'-o -i, -52) 


Therefore; 


Sin € = cos(9' +e +i, +457) 


i (For details of the derivation of the following equation see appendix A.) 
we aa . . 
Stine 22 sinpPota Lz sin Jo COs Jo £ Sin*(2 Iot Hy) ~sin®(I,+%)} 


—Ysin(21Io+®) cos (4%, ) 


+2COS(AIo+®) SiNMy4": - Eqn. (58) _ 


For later use, it will be convenient to write this equation 


symbolically, as; 


. ‘ vg ’ 
Simése dita Kita Mt. 


where J' and K' represent the coefficients of the first and second order 
terms respectively. It will be found that the third order term, represented 
by M*', will apparently be needed, but upon further development of the 
problem it will be shown to cancel out completely, hence, it will not be 
necessary to derive it. 


Let us now define €' by the equation ; 


A Vv A O] 
SinéE = co Sune€ 


Then, 


We shell find that the reciprocal of sing’ will be needed. Thus; 
| I 
"sine. — Z2SinMo 
wi | |- sen 9, cos 9oU sin? (29+) 7s sin*(I,+@,)} 


Lc Y Sin Mo 
= Y SEN (299+) C0912 994 @) 


+2605 (Uot%,) sin Mo] 


+¢second order terms¢:-- Eqn, (59) 


Write this symbolically, as: 
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sere tee Ban. (60) 


where J, K and M represent the coefficient of the (v/c)°, (v/c)tana (v/eF 


erms, respectively; M not being actually determined, 
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LENGTH OF PATH FROM PLATE TO MIRROR M' 


Referring to figure I we observe that during the interval of time 


t! that the ray reflected at the plate M travels from A to 0, the mirror M' 
has moved from Eto C, Let AC = ct}=D' and EC=AK=ytj. Then, in triengle 


ACE, we have,by the sine law: (cf Appendix B) 


sin(tt-(949'+ 9) | _ Sin (049' +9 +0 - in) 
D! i S' 


Solving for D* ,we obtain: 


sin (9+9'+9) 


= ¢ —— 
sin (9494940 -i,) 


1B) 
Expand denominator in terms of angles (0+0'+¢) and (o-4,). Also, 
divide numerator and denominator by sin(0+0'+¢), This yields: 
\ 


Sin(9+9'+9) 


De? SS 


Again, in figure I, referring to triangle ACK, we have by the sine law: 


Sin(iz-o) _ _sin[T-(949'49) ] 
vt) ‘ ety 


Solving for v/c and changing sin(ige) to its equal [-sin(e-3)] we get: 
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Vigo sin(o-'2) 


C > ~ Sinl9+9'49) 


Subsitute the latter expression in the equation for D'. Also replace i, by 


its equal given in equation 35, This gives: 


| 
AD eee. aia ee 
Be Sin(9'+i}) —* Cos(349'+Q) 


Replacing sin(O'+i!) and cos(O+9'+¢) by equations 31 and 8 respectively, 


results in: 


Dis EE EET A 
\ 1—F cosiadt 4) -wCe Sinte, —2 sent) 605 Jofsin g-sinag) cosJ,h\ 
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ro }- ¥ c0s(294@,)- 5 + sin*@, £2 Sindy) cosat®) Sind, cosda] 


Expand this expression in terms of powers of v/c and drop powers greater than 


the second, 


DiS S (1 +2 cos(2det%) 


a 
+ = {cos* (a Iat%) +ZSEN' GP, +2 SEN (Jot) Colo) sind, cos Ibe] 


pplying the Lorentz transformation equation 19 to the above, we obtain: 
Di = S$, [4g cosadr®) 


. u . 5 ° 
+ att cos (AI yt @) +3 Sin’, 4 2 sin (9,#@,)cos\ Jt@,) sé nd _605I.} t---] 


‘xpanding the term tcos(20, +4.) in terms of angles (Q+¢) and 6, we find that 


ST 


the second order term reduces to . Thus, we get as the final expression 
fer DP 4 


Cy v 
Dee sali cos dst Vest :2 Eqn. (61) 


LENGTH OF PATH FROM MIRROR M' BACK TO PLATE 

Referring to figure I we observe that in the interval of time t, 
that the ray reflected at the mirror M' travels from C to H , the mirror M' 
has moved a distance equal to KH, Let CH=ct}=D*, and KH=vt}. Then, in 


triangle CHK, we have, by the sine law: (tf. Appendix B) 


sin(9+9'4+0) sin (9t9' +Q4o +i.) 


Dd. S 


As a proof of this latter statement observe that 
engle CHKs i¢t-0-g 


Replace i, by its equal($-0'-c-i}), Then: 


3 
angle CHK= ff-9'-0- 150-4 

The sine of the angle CHK= sinffi -(O+0'+d4o43! )} 
= Sin (949 4p +0 +i2) 


Return to the equation involving D, and solve for Dy. 


SIA ie? eB ie 7 ft 
ae wil 4 i 1, 0 I ( 
= il aan D | ve ; 
iat Wb || a 
; ie ' Th 
5 
} 
; 
x ; eR TOW ett < 
i 
‘ 
i 
P ; va 
\ * 3 > 
| 
| 
r 1 
! 
| iy sar f 
} 
| ‘9 Ii ' i . 
is 
i> f id ee? 
* 
s 
if . ‘ = T= the i - : © 
i; } t 45 5 Z* a * <i 3 O9@BTESt 
a | I vf nN 
' t i “a 


. | eral yibasqa A i535 ‘ors Fa ate ‘ vd a ait ay ~nne ofpaeits bs 
Ue || 


qeagy a g=meo a vin ne Lie 


ae 
i( peep yst oes ~ fais -AHO sigam of) to vba Seis | 
Ph ; Pe 7) ‘wh iam 


(jie oe m+ 'Osl) wie = 


¥ 4 


lec! sin (949'+9) ; 
D,= SinlJ+)' +940 tir) 


Expand denominator in terms of angles (9040's) and (@+1}); and 
| divide numerator and denominator by sin(0+6'+¢). This yields: 
\ ' | 

Sys 


Sin( 949'+ @) 


Again, in figure I, referring to triangle CHK we have by the sine law: 


wt, _ sinlit+e) 
cti ~ Sin(919'4¢) 


Substitute the latter expression in the equation for Dj. This gives; 


; | 
Cos(o +i, ) +¥ c05(949 49) 


D, =S$ 


Expand cos(o+i} ) and replace cose and sine by equations 15 and 16 respec- 


tively . This results in the equation: 


Die. S' ! 
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Substituting equations 8, 39 and 40 and dropping powers of v/e greater than 


the second, gives: 
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D,' = S[t- Fcos(ad+e) 
ve ! 
mack Loos*(QIg+@) +5 sin'g, + 2 Sin(I t¥,) c05(9+9,) Sin VA cosh 4 Ta . 
Applying the Lorentz transformation equation 19 to the above, we obtain‘ 


De = Sofi—¥costadrg): 


(2 
+a {7 C08" (IgA) +E Sindy, 42 sirlde! G, 60591) Sin B,cos Jha] 


Reducing the second order term as we did in the case of D} we obtain as the 


final expression for D§ : 


| 2% 
v iv 
Eqn. (62) 


It will be observed, that except for the sign of the v/c terms 


he two distances D' and D) are equal, 


LENGTH OF PATH FROM PLATE M TO MIRROR MM" 
In figure I construct the line AQ parallel to 5S". This line will 
also equal 5S" since they are both bounded by the same parallel lines, 
During the interval of time that the ray has traveled from A to P the mirror 
" has moved from Q to P . Let APSct, =D and QP=vt; . Then, in triangle 


PQ we have by the sine law: 
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Expand the denominator. 
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Substitute equations 3, 4, 24 and 25 and divide numerator and denominator by 


expression for sin g, This yields, 


u“ 1 
Ew: Tau ae 
Im J 605%, Ia Sin*®, 


D's 
Expanding in terms of powers of v/c we obtain 


rs 
D. =s'' [I+ ¢ cos, +z & (it C0s"Y,)4 a 


Applying the Lorentz transformation equation 20 we obtain as the final 


equation for DF 
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LENGTH OF PATH FROM MIRROR M" BACK TO PLATE I 


In figure I construct FP parallel to 5" . This line, will also 
equal S" since they are both bounded by the same parallel lines, During the 
interval of time that the ray of light has traveled from P to L the plate M 
has travelled a distance FR, Let PL= cty=Dj' and FRevt,’, Let B be the 
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FB+BP=S" 


Now ’ 
The distance that the plate M has moved in the interval of time ty is FN or 
vt", cos[Z- (erg) or vts sin(O+g) . The latter is the perpendicular distance 


from F to M at the end of the time interval t}' . Therefore, in triangle FNP 


_ vinisinWa Oe | 
FB a sin 9 ?, 


Substituting this value of FB in the equation above,we obtain: 


7 uta Sin( J+) 
Sting 


In triangle BPL, we have, by the sine law: 


al ae Se ed a A | 


sin(T-9) — sin( £- Ja) 
Cu ** BP 


Replacing BP by its value just obtained and solving for t), we obtain: 


" Sind 


n =¢ ; 
dea cos}, +¥sin(9+) 


Multiplying both sides of the equation by ¢ and replacing ct,’ by its equal,D,’ 


Ds = ¢" sind 
; COS}, + Z% sin(949) 


Substituting equetion 5 for sin(@+#¢) and the equetion given in page St, 2Or 


os Jy we obtain as the denominatot of the expression for D’ : 
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Substitute the latter expression in equation for Dy and expand in terms of 
v/e.. This gives: 
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Replacing sin © and S" by equations 9 and 20 respectively, we obtain as the 
final expression for D3 : 
pi i 6 (AE = ae Jo COS GP +2608 95 Sine} 
Brie ae: Sint J, + 2605 (Iot@,) Simro Sind 
+ 2(Ic05'),) sintngte], 
Eqn. (64) 
It will be observed that ifp, were set equal to zero equation 64 
would reduce to equation 63 with the single exception of the different sign 
in the v/c terms, Also, there is a close resemblance of equations 61 and 62 


with equations 63 and 64, 
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WAVE NUMBERS OF THE RAYS ALONG THE VARTOUS PATHS 


Equation 23, derived earlier in this paper, gives the relationship 


between the reciprocal of the wave length of the light reflected from a 
moving mirror and the reciprocal of the wave length of the incident light. 
In order that we may find the reciprocal wave lengths or wave numbers as 
measured by the moving observer, we must apply the Lorentz transformations 


to equation 23, 


WAVE NUMBER OF THE LIGHT ALONG PATH Di 


To find the wave number of the light along path D} apply equation 
23. Let 14 and 1/\' be the wave numbers of the incident and reflected light, 
respectively. Referring to equation 27, we see that v/c sin ¢ must be 
replaced by -v/ce sin(Q+¢), Therefore: 
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Replace cos i,by its value found on page 38. This gives: 
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Simplify the second order term and apply equations 3, 5 and 9, 
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The wave length measured by the moving observer is obtained by 


applying the Lorentz transformation to » and d, . From figure I we see that 
the ray of light which is incident on the plate M makes an angle (g -«) with 


the direction of the velocity. Therefore, applying equation 1, we get: 


he heD> B cos (o-allt, 


where do is the wave length of the incident light as measured by the moving 
observer, Expand cos*(d -o&) and substitute equations 3, 4, 24 and 25, 
Since cos *(¢ -o) is multiplyied by (v/e)*® , it is equal to cos “fe to the 
order of approximation that it is needed, Therefore, taking the reciprocal 


of the last equetion and expanding, we obtain: 
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In equation 65 replace W/ by the latter expression, this yields: 
x = x Ll RZ Sin (Jot) Sendo 
+ canes COS, +2 SEN(I.+%) SENT LOSP,}4-—J, 

Eqn. (67) 
It is now necessary to apply the Lorentz transformation to 1/y\ 
itself, Examining figure I we see that the angle between D! and the 
direction of the velocity is(@ + 0' + ¢-W), Replacing p by its equal 
Gi + 0' - 2), we find this angle to be (+044 - it ), The cosine of 


this latter angle is found to be cos(20,+ g, ) to the order of approximation 


to which it is needed, Thus: 
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Substituting this latter expression for 1/\ in equation 67 we obtain as the 
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final equation of the wave number of the light along path Dj}: 
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WAVE NUMBER OF THE LIGHT ALONG PATH Dg AND D§ 


Let 1/y be the wave number of the light along path D§$ ,. This will 
also be the wave number of the light along the path HT or D3 e The path D3 
will be discussed in detail in a later section, Applying equation 23 and 
making the same substitution for v/e sin g as was made in equation 33 we 
obtain: 
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Substitute eauation 37 for cos iy. This yields: 
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Replace 1h. by equation 68. 
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Now, substitute equation 69 for 14! . This yields: 
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The latter reduces to 
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Eqn. (70) 
Finally, we must apply the Lorentz transformation to 1/y. itself, 


In figure I, wé see that the angle between Dj or D3 and the direction of 


the velocity (0 +0' 4 +i, +0), To the order of approximation that it is 
needed, the cosine of this latter angle is cos(20, + g,). Therefore, 


applying equation 1, we obtain 
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Expanding, we get: 
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+--+ [it im cos” (UI ®,)4---] 


Substituting the latter expression in equation 70 we obtain as the final 
equation of the wave number along path D} and D3 3 
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Eqn. (71) 


For later reference, we shall write this equation symbolically as: 


Weiabse Wt ut 
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Eqn. (72) 
where C and D represent the coefficients of the (v/c)) and the (v/c)* terms, 


respectively. 
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WAVE NUMBER OF LIGHT ALONG PATH Dy 


Since the light which is incident upon the mirror M" has not 
undergone any reflection, its wave number is simply that of the light which 


the moving observer starts with, namely: 


_—. 


de 


WAVE NUMBER OF LIGHT ALONG PATH D¥ 
To find the wave number of the light along path Dj, apply equation 

23, Let lat be the wave number of the light reflected at M" and 1/,, the 

wave number of the incident light. Referring to equation 47, we see that 


v/e sin g must be replaced by -v/c cos(g -w), Therefore: 


e 
se = <- 2Z cos y-w) 605), +2 cos*(G-w) +] 
2 


Substitute for cos(¢ =) and cos j,» their values given on page 47 . Also 


replece 1/, by its value given in equation 66. 
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Let us now apply the Lorentz transformation to Lx a © rom 


figure I we found that the angle between D and the direction of the 
velocity is (¢ ele -w), To the order of approximation that it is needed, the 


cosine of this latter angle is found to be cos g,. Therefore: 
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Expanding, we obtain: 


Replacing Ve \ in equation 73 by this latter expression, we obtain as the 


final equation of the wave number of the light along path D5 ; 
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WAVE NUMBER OF LIGHT ALONG PATH Dg 
The path Dy will be discussed in detail in a later section. Let 
1/r5 be the wave number of the light along the path D3 . Applying equation 
23, and making the same substitution for v/c sin ¢g as was made in equation 
53, we obtain: 


Uk : au 
= pee ig a a Sin’ (Jeger ], 


Replace cos jy by its value given on page 51. Also substitute equation 5 for 
sin(@4+¢), This yields: 
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Simplifying, this becomes: 
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Eqn. (75) 
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Replacing 1/ry, by its value given in equation 73, yields: 


+, = 7 (i+2 J {sin Wet @)SinJ,— ©os Yo} 
3 C) 
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Finally, we must apply the Lorentz transformation to 1/p, ° 
Referring to figure I we see that the angle between D} and the direction of 
the velocity is (j} +£-0-¢) . To the order of approximation that it is 
needed, the cosine of this latter angle is found to be cos(20, + ¢,). 
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where A and B represent the coefficient of the (v/e)* and the (v/c)* terms 
respectively. 
Comparing equations 71 and 77 we see that except for the term 


involving fr, the two final wave numbers are equal to the second order of vier 


NUMBER OF WAVES IN THE PATHS D!, Dj, DY AND D¥ 


In order to compare the number of waves in pathsAC +CH —HT and 


AP+PL—LT it is necessary to multiply each part of the path by the wave 
number of the light contained within that path, 
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Let us now add equations 83 and 84 to get the total difference in 


path length along the first two parts of each path, 
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In examining the equation for sin€ (Eqn.58),we find that to the 
first power of v/c this angle is a function of fo, the angle introduced at 
the mirror M", The second order term of sin€, we find, is due partially to 
oand partially to the angles 9,and gg . Because of this small angle € the 
two final rays seem to come from a point T in figure I. Hence, in order to 
evaluate the number of wave lengths in the path designated by the single 
primes, it is necessary to substract from N} the number of wave lengths 
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Similarly, to evaluate the number of wave length in the path 
designated by the double primes, it is necessary to substract from Nj the 


number of wave lengths contained within the distance LT, Let: 
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We shall now evaluate the distances D§ and D3 - in triangle TLG 


of figure I, we have by the sine law: 
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Eqn. (88) 
subtract the number of wave lenths in the path DS 
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Let us now evaluate LG, Referring to figure I we see that: 
LG=RN+G6N-RL | Eqn. (91) 
In the right triangle HNR: 
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sin (yi-e) = Stn}! coso- Cos}! sinw 
Substitute equations 4, 17,18, 49 and 50, 
bien Ae Ke pis a : : 
Sin(})-w)-— = sing = = Ging, — Sinpe) toe COEG, (Sin@, -25i nM) 


URS ts, ras | 
~ SeNfry Gu SING COSG, — = SENG, 


Collecting terms, we obtain: 
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° vw - iv a 
1 = 2 if; . w uy * 
Stn('-w) < $¢n@ oe “Ro Stnp, Pla COS, (Sing, —Sinu,) + 


Cancelling a v/c and substituting equation 9 for sin® and equation 64 for D‘ 


2 
yields: 
n [sinGji-w) ~ 2 sin @ ] on 
UGE cat Sgr ae ae See Bal stnd CoS, +2605 Vo sinfot] 
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= Hf vi . ( 
[ sini, +2 Cos @,(sény, “Sen MA) | 


Multiplying and collecting terms, reduces the latter to; 


De Csin(jl-w-¥ sing) _ Gis, 
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aa sin 
z sind Snde. E “oh 


v 
+= —_—— 
© Sind, 


{sind singcosy, + 2co5u, sin ‘Hol tJ 


bubstracting this latter expression from equation 95, we obtain: 
GE oe tas sin (2o+e,) 4251 SinMe 
v Sind, Sind, 
c 


Sora 2($3'-5S,) Sin aot) $i nlF ot) 


= 28" {Sin Vet) coso sin Mo +sin Jo cos SENG, 


+ reosd, Sin fot lt 
Eqn. (96) 


o evaluate HG, consider the right triangle HNG, 
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Simplifying, we obtain: 
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Substitute aie 5, 46 and 94, 
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Substituting the value of © and D in equation 71, we obtain: 
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Now, in equetion 90, substitute equation 96 for LG /at and multiply. 


Then replace HG(142C + =D) by equetion 97, Arranging according to powers 
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TOTAL DIFFERENCE OF NUMBER OF WAVE LENGTHS IN THE TWO PATHS 
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To find the total difference of the number of wave lengths in the 


two paths, it is necessary to subtract equation 98 from equation 85. Let: 


Then: 
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~2 Cos(2dt@,) Sind, cosd, [cos(IgY,) sind+ sinQaI tay] 
bE Seat Sim Geoe 9, (sint(Ie@,) —Ginad4a%)) } 
—Sinpre Sin( aJo+o) Siytd)} 
pes. {sinu 0 SindgLrcos(J+%) + C05 J,Cos y.] + Sun9, cos o, 

—sin Iocos I [sin ycos e, 
+ 7 Sind cosI,(SinQJse,) ~sin'(V,+2,))] 

— Simpy Sin J, Cos Jy[3605(2 I +4) +2.cos(Jt%)cosJ, } 


Sn Cos (ae @,) |4>- 
Eqn. (99) 


The latter is the general equation of the difference of the 
} 2 + 1 a al ite 1 ’ 244 at 
number of wave lengths in the two paths, in terms of o> Bor Mos Poem ed yee 


v, and c, 


APPLICATION OF THE FINAL RESULT TO THE WORK OF DAYTON C. MILLER 


aL 


In the work of D. C. Miller” the two arms were made equal, Also, 
. 5 2) 
since the two arms were at right angles to each other @ was equal to 45. 


Substituting these conditions in equation 99, we obtain: 
nN tee 
5. 19s =1e 


5 - ) 
Sie <5 es V3 


Let SY and S! be designated as S,. Then: 


4S. ve 
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[sin pa, (cos B+Seng,) ces es Ln*@, ) a ae G in g, Cos a 


In the latter equation let us substitute sin™ for v/c sin pt. 


(cf. page 29). This gives: 
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On page 227 of the article mentioned above, we find that: 
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Also, on page 238 of that same article, we find that w, was equal to 4". 


Therefore: 


1, Miller, D. C., Rev. Mod. Phys.,5, 203 3 
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wt g ent 
f poets 10 COS 2 sad xlO Stn 272 nee 
N= SNUB VR x0 senlZ +e) rea llos * Nec ie ot 


A 2 }, OS x 10° 


and 


Be = yq a0" 


A cos 29,—-B sinry, = C sin(29,+%.) 


= Csin 29, Cosh, +C cos 2M, Stina, 


Equating the coefficients of sin 24,, we get: 

San Gicos cls 

Also, equating the coefficients of cos 24,, we get: 
Ana Gesu Shc 


Dividing the latter by the former, we get: 


tan Wo = a 


= -2.14 
Therefore: 
ado = IlS-00 
Thus: e 
s 
Ge s = OS OEE = 1G 410. 
Sing, -4063 


Substituting these values in the equation for N, we obtain: 


is : abn at $ 
N= 6.34 x10" sin(Sa ,) a {i.e Sin(2~e, FS oo )\r0 ‘ 


Eqn. (100) 


Finally, it will be desirable to plot the curves of the first and 
second order terms of equation 100 in order to compare them with the experi- 


mental curves obtained by D, C. Miller. So that the curves of the first and 


4 


second order terms may be comparable, let us assume that v/c equals 10 
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CONCLUSION 


On page 85 of this paper, we have a general equation of the differ- 


ence of number of waves in the two paths traversed by the rays of light in a 


Michelson interferometer, According to this equation the actual fringe shift 


is a function of the effective difference in optical path, measured in terms 
of wave lengths along the various components of the paths from the time that 


the ray is first divided at the half silvered plate M until the rays have 


traveled their respective paths (D'+D}-D!) and (Di'+Dy'-D). A telescope 


equally inclined to the two final rays must be focused at the point from 


which the two rays appear to be coming. In figure I that point is designated 


by -T. 


In deriving equation 85, no assumption was made concerning the 


relative lengths of the two arms SQ and St . The only condition that need be 
imposed upon them is that S$=-S} shall not exceed the limits of "coherence". 


Otherwise, interference is impossible. 


The angle between the plate and either arm, that is, 9, is entirely 


arbitrary and is merely determined by the conditions given in any particular 


arrangement of the apparatus. In most cases this angle is made to equal 45° 


he value of 9, is very important in determining 


the maximum fringe shift. 


The angle fois also a constant of any given interferometer, Its 


alue is fixed so that the fringes observed in the telescope shall be of con- 
enient width. ‘Upon substituting the proper values in the equations of the 


law of reflection from a moving mirror (equations 21 and 22) and applying the 
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Lorentz transformations i+ was found that these equations did-not reduce,to t 
simple law of reflection, namely that the angle of incidence is equal to the 
angle of reflection. This suggests that the angle of reflection depends upon 
the sidereal time. This conclusion is consistent with the results of E, 
Esclangon! and E, Cavallo’. 

In order to obtain a curve of the number of fringes plotted against 
oss the constants of D. C. Miller's interferometer at Mount Wilson were sub- 
stituted in equation 99, This led finally to equation 100, In this equation 
the first order term is periodic in a full turn of the instrument, Although 
the latter is a first order tern, its magnitude is comparable with that of 
the second order term. The reason for this is that sinw, which is a factor 
of the first order term is iaais of the magnitude of v/c. Since, in sub- 
stituting for sin pr, equation 99, that term dropped to the first order; it 
might argued that, had there been a third order term, the part of it that 
would have as its coefficient sinm,, would drop to the second term, How- 
ever, since its magnitude would be comparable with that of the third order 
terms it is negligible to the order of approximetion of this work, 

In examining the first order term we see that when ¢,=45° the fringe 
shift due haceag component is a maximum on one side of the zero mark in the 
telescope and for ¢,=#225° it is a maximum on the other side. 

The second order term of equation 100 is doubly periodic upon a 
single rotation of the interferometer, The maxima due to this component 
are at ¢, =167°30' and ¢ =34730)' on one side of the zero mark in the teles- 
1, Esclangon, B,, Journal des Observateurs 11, 49, (1928) 

2. Cavallo, E,, Comptes Rendus, 198,.247, (1934) 


cope and at ¢,= 77°30" and ¢,= 257930" on the other side of the zero mark, 


On page 227 of the article by D. C. Miller, there are graphs obtain 
ed by a harmonic analyzer, of the SUS Bae curves showing the readings for 
four successive sets of observations made on April 2, 1925. Comparing those 
curves with the theoretical curves given on page 89 of this paper, we see 
that the letter set of eee es is in form Similar to those obtained by experi- 
ment. 

In conclusion, we may say, therefore, that if the equations govern- 
ing the Michelson interferometer are set up from the point of view of an 
observer fixed in the ether and are transformed by means of the Lorentz trans 
formation the results required by theory are consistent with those obtained 
by experiment. Until now, it has generally been assumed that the theory re- 
quired a zero effect contrary to that obtained by D. C. Miller. 

Tt is the authors pleasure to acknowledge his indebtedness for the 
very valuable suggestions and criticisms: received from Dr. Royal M. Frye, 


under whose direction this problem has been carried out. 
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COMPREHENSIVE ABSTRACT 


In this dissertation the general theory of the measurement of the 


ether drift by a Michelson interferometer is developed. The work is based 


} aa . 3 : . 7, . > 
pon three hypothéss which are widely used in physics, The first of these is 


hat light -is propagated as a wave disturbance according to Huygens’ prin¢iple 


1e second hypothesis is that there exists a stationary ether through which 


light is propagated, and with respect to which the earth is moving with some 


relative velocity. The third hypothesis employed in this paper is one of the 


basic hypotheses of the theory of Relativity, namely that the velocity of 


ight has a constant value relative to all inertial systems, 


The interferometer contains a half-silvered mirror which partially 


ransmits and partially reflects parallel light which is incident upon it. 


e transmitted and reflected rays are reflected at the end of their paths so 


as to return to the plate, where again one beam is reflected and the other is 


ransmitted. Finally both rays are brought to a focus by a lens, The divis- 


ion and subsequent reuniting of a beam of light under these conditions brings 


pbout what are known as "interference fringes". If the hypotheses mentioned 


reviously are correct, the position of these fringes should depend upon the 


brientation of the instrument with respect to the ether; The interference 


ringes themselves are due to the phase relationships existing between the 


wave fronts of the two reunited rays, These in turn are affected by the amount 


nd direction of the motion of the interferometer during the interval of time 


hat the beam of light is divided at the half-silvered plate and subsequently 
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brought to focus by the viewing telescope. In consequence of this, as the 
interferometer is rotated the interference fringe will show slight displace- 
ment unless the axis of rotation of the instrument is parallel to the direct 
ion of the absolute velocity of the earth. 

In the investigation, the path of each beam is carefully traced, 
from the time that it impinges upon the plate, until it enters the lens 
placed in its final path. 

Due to the motion of the earth all distances, including the wave 
lengths of the light, are subjected to a contraction, This latter is a 
necessary consequence of the third hypothesis mentioned previously. The 
equation governing this contraction is the familiar Lorentz transformation 


equation; 
ela 
X, —Xa = (Xe Xo, )( ap )? 


where Xpand x, are coordinates of a rod in a coordinate system fixed in the 


ether and x, and ea the coordinates of a rod in a parallel moving coordi 
nate Bin is the velocity of the moving system relative to the ether an 
C is the velocity of light. Angles and distances bearing the subscript zero 
will indicate those measured by the moving observer all others,will indicate 
these measured by the fixed observer, 

Also, due to the motion of the earth, all angles undergo a change 
upon applying the Lorentz transformation. In the case of angles, two types 
must be dealt with, The first type includes angles of which one side is 


parallel to the direction of the motion, An equation characteristic of this 


type is: 


RL 
Sine = Sin (i4 ax cosy te) 
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where g is an angle one side of which is parallel to the direction of drift. 
The second type of angles consists of those of which neither side 
is parallel to the direction of the drift. An equation characteristic of 
this type is: 
ut 


sinvs Sind [i- > = fsint(I,+o) ~cos*e yy] 


c? 


where g is the angle one side of which is parallel to the direction of the 
drift and @ is an angle adjacent to its other side. 

In consequence of the change of angles, the mirror of the apparatus 
that is set normal to the arm to which it is fixed, will not be normal as 
viewed by the observer fixed in the ether. This discrepancy was evaluated 
and taken into consideration, Similarly, the angle introduced between the 
normal to the second mirror and the arm to which it is fixed undergoes a modi 
fication, Likewise, this effect is considered, 

It is well known that in the case of a moving mirror the angle of 
incidence is not equal to the angle of reflection, The equations governing 
this change were found to be: 

Simi’ esin i-2Esing sinicesi t sing sinilroste-t rt: 
and 


v 


- a vw e a . 
Cosu = cost t2e Sing sini-4Ya 


sinty sin’? cost4—. 
where i' is the angle of reflection, i the angle of incidence and ¢ is the 
angle between the direction of drift and the mirror, After substituting the 
proper values in the general equation, the Lorentz transformations were 
applied, 

After determining the effect of the motion upon the angles involved 


in the path, the exact effect of the motion upon the length of each path is 


——————— 


wo 


found. 


Because of the motion, the wave length \ of the reflected light 


differs from ), the wave length of the incident light according to the 


equation: 

adage Sini' 

AE) Sit wae 
After substitution in this equation, the Lorentz transformations are applied. 
Then, by dividing each component of the two paths by the wave length of the 
light within that part of the path, we obtained the equations of the number 
of waves within that path. Having obtained the latter equations, the number 
of wave lengths in one complete path was subtracted from the number in the 
other complete path to give the total difference of number of wave lengths in 


he two paths, This latter equation was given in terms of: Ay? ehe fundament- 


el wave leneth; Bos the angle between the main arm of the interferometer and 


he direction of the motion; 9,, the angle between the half-silvered plate and 
either arm; po, an angle proportionad to the angle between the normal to one 
of the mirrors and the arm to which it is fixed, the latter being introduced 
so that the fringe viewed in the telescope shall be of a convenient width; 

and the lengths of the two arms S$ and S$ . The equation: of the total 
difference in thé number of fringes is entirely in terms of variables as 
neasured by the moving observer. 

Because of the great complexity of this problem it was found neeess 
ary to make approximations. Accordingly, all equations were developed only up 
o the second power of v/c. Powers of v/c greater than the second were neg- 
ected, This is a justifiable approximation, since the velocity of the earth 


in its Orbit is thirty kilometers per second and the velocity of light is ten 
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thousand times as great. Hence, since v/e is of the order of 1074, (v/e)° is 
negligible. 

Finally, to analyze the solution, the values of 9, S', St, A, 
and @, used by D. C. Miller? were substituted. After assigning an arbitrary 
value to v/e, the first and second order terms were plotted and found to be 


of the form of the experimental curves obtained by D. C. Miller®, Thus, 


making the: hypotheses mentioned in the beginning of this abstract, we find 


that, contrary to the usual opinion, it is possible to derive equations 


involving both the first and second order effects obtained by the very 


extensive work of D.C. Miller. 


1. Miller, D.C., Rev. Mod, Phys., 5, 203, (1933) 


2. Ibid page 227 
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Sin €= cos (9 +o +i; +)2) 


SUN € =Cos(9 to +i, cos)! —sin(I' +o +) Sinj! 


Substitute equations 43, 45, 55 and 56, 
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After making the indicated cancellations, the above equation 
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APPENDIX B 


In deriving the equations for the length of the paths Dj and Dy , 
it was tacitly assumed that eee reflected from the plate M was incident 
upon the mirror M' at its center and that the ray reflected from the mirror 
M‘ was incident upon the plate M at its center, We shall now prove these 
facts. 

In figure IX angles and distances corresponding to angles and 
distances in figure I have been designated by the same letters as in that 
figure. Let us assume that the ray ct} is incident upon the mirror M' at 
any arbitrary point C'. The angle y will still be defined as the angle 
between S' and the ray ct}. Also, i, will retain its definition as the 


angle of incidence of the ray at the mirror M', Construct AC" perpendicular 


to the mirror M', then, in triangle AC'C" : 
Ac" ACT 


6Q5 t, =Altyy Wo Neth 
In triangle AE"C" ; 

Angle ACE” =o 
Therefore: 

Ac’ =(S — EE") cos a, 
To find EE" construct EE' perpendicular to CC", Then, angle E'EE" equals oO. 
Also, in the right triangle CEE!: 

Angle CEE! =[T-(949'+40)] 


Therefore: \ 
Beet, Cos itt -(739 +9907] 


= -ut'cos(9+9' +4 +0) 
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Now, in triangle EE'KE" : 


Rial ELE. 
EE" = ose 


4} 


yt! cost¥+9 4040) 
COS Oo ° 


Substituting this expression for EE" in the equation for AC", we obtain: 


Ac" = $ cose .tut, cos( 4 0'+ Gtr) 


In the first equation, replace AC” by this last expression, this gives: 


S' cosa + wb) cos(9 494040) 


i 
ct, = Cos) (0, 
Solving for t} , we get: 
a 
1 SprcosirG; 


: cos i - cos( 979 ' toto) 


Multiply both sides by c and replace ct} by Dj . This gives: 


lad S' cose 
COS L, 2 cos(d+d'+9 +2) 


From figure IX, we see that: 
3 17 
' -<-— 
acta sited 
Vita o, ads edi a 
Therefore, 
' ‘ Tr 
A ee aay 
x . YF 
Gos ty = Stmi(d +o 4u') 
ixpand and substitute the latter expression in the equation for D!. Also, 
divide numerator and denominator by cose and expand the v/c term, This 


yields: 
Oe ee See ee a 
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In substituting the equations 15, 16 and 32, the second and the 
last terms of the denominator have as their coefficients powers of v/c greate 
than the second therefore, they will be neglected. What remains in the 
equation is the same as the expression for Dj found on page 56 of the main 
body of this thesis. 

Thus, since the two expressions for D} are the same, it must 
follow that the points C' and C are coincident and the ray actually strikes 
at the center of the mirror M', 

Having proved that the ray reflected from the plate M is incident 


upon the center of the mirror M' 


ar 
ah 


, let us represent the ray reflected from M' 


by the line CH', where H' represents any point on the plate M, Let K 
represent the position of the plate M at the time t; and J the point of 
intersection of the ray ct) and the line AH, 
From the figure IX, we see that: 
et! ed! 5.6430 


Now, in the triangle CJK ; 


sin(9t9'+@) sin [T-(949'+@4e 421) J Sty Ga hr 
cJ s’ ii KJ 


Therefore: 
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From the figure IX, we observe that: 
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In the triangle JHH' we have, by the sine law: 


=) 
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sinl 9'te rity) 
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Substituting the previous equation for JH ,we obtain: 
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Now, in the equation for ct, substitute the equations for CJ and JH’. This 
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Solving for t., 
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Multiply both sides of the equation by c and divide the numerator and the 


denominator of the right hand member by sin (O' + T+i, ), This gives: 
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Expanding sin(i,' + «) and substituting equations 15, 16, 39 and 40; also, 


rep lacing sin(® +0"4¢) by equation 7, we find that the two braces reduce to 


zero, Therefore: 
Diz stn(v+v'ea) 
r Sin( J+0'+e+e 4i)) 


It will be observed that this latter expression is the same as 
that for DY at the top of page 58, 
Thus, since the two expressions for Dj are the same, it must follow 


that the points H' and H are coincident, Hence, the ray actually strikes at 


the center of the plate M, 
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